The current paper is devoted to the dynamics of a stochastic modified Boussinesq approximate equation driven by fractional Brownian motion with H ∈ ( 1 2 , 1). Based on the different diffusion operators 2 and -in the stochastic system, we combine two types of operators 1 = I and a Hilbert-Schmidt operator 2 to guarantee the convergence of the corresponding Wiener-type stochastic integrals. Then the existence and regularity of the stochastic convolution for the corresponding additive linear stochastic equation can be shown. By the Banach modified fixed point theorem in the selected intersection space, the existence and uniqueness of the global mild solution are obtained. Finally, the existence of a random attractor for the random dynamical system generated by the mild solution for the modified Boussinesq approximation equation is also established. MSC: 35B40; 35Q35; 76D05
Introduction
The modified Boussinesq approximation equation is a reasonable model to describe the essential phenomena of the highly viscous incompressible fluid in the Earth's mantle. We refer to Hills and Roberts [] and Padula [] for a derivation of the following Boussinesq approximation equation:
⎧ ⎨ ⎩ u t + u · ∇u -∇ · τ (e(u)) = -∇π + f (x) + e  θ ,
where the vector function u represents the velocity of the fluid, θ is the scalar temperature, function f (x) and g(x) are periodic external forces with respect to space variable x, the vector e  = (, ) is a unit vector in R  , the scalar function π is the pressure and τ ij (e(u)) is a symmetric stress tensor with the following form:
τ ij e(u) = μ  + |e| Due to the regularity of the stochastic convolution for FBM depends on the value of Hurst parameter H ∈ (, ), the stochastic Wiener-type integral is quite different for H ∈ (/, ) and H ∈ (, /). For H ∈ (, /), on account of the lower regularity, it needs the fractional Riemann-Liouville integral to transfer the fractional Brownian motion to be represented in terms of the standard cylindrical Brownian motion. The rest of the paper is organized as follows: In Section , we present the function space and operators. Then the definitions and criteria for the random dynamical system are presented. In Section , we introduce the definition of the infinite-dimensional fractional Brownian motion and its stochastic integral. Then some proper conditions which can ensure the existence and regularity of the stochastic convolution for the corresponding additive linear stochastic equation are shown. In Section , the proper selected intersection space is constructed and the existence and uniqueness of the global mild solution are obtained in the space by the modified Banach fixed point theorem. Finally, the existence of a random attractor for the random dynamical system generated by the mild solution of equation (.) is shown in Section .
Preliminaries
In this section, we will present some notations for the working function space and operators, and then rewrite equation (.) as a stochastic evolution equation by the standard mathematical setting.
Firstly, we introduce some notations as follows:
Denote H = H  × H  endowed with the norm 
where V is endowed with the norm
By the Lax-Milgram lemma, we can use the bilinear operators a  (·, ·) and a  (·, ·) to define the following linear operators
where V i is the dual space of V i .
Similar to the arguments in [] and [], the operator A i is an isometry from
Denote 
Moreover, {e j } ∞ j= and {ê j } ∞ j= are the orthonormal basis for H  and H  , respectively. Since A i (i = , ) is the densely defined, self-adjoint, and bounded below operator in Hilbert space H i (i = , ), then A i (i = , ) is a sectional operator, and S i (t) ∈ L (H i ) is an analytic semigroup generated by A i (i = , ) in the following form:
where {E i,λ } is the spectrum of the operator 
For any φ i = (u i , θ i ), we define the continuous bilinear functionals
In what follows, we abbreviate
We also denote N as N without any confusion, and
Under the above notations, the stochastic modified Boussinesq approximation equation (.) can be rewritten as the following abstract stochastic evolution equation:
Finally, we recall some definitions and criteria of the random dynamical system and random attractor which are taken from [] .
Due to the properties of the stationary increments, we can switch FBM and additive white noise to the equivalent canonical realization. Consider the Borel set
with the compact open topology and let F be the associated incomplete Borel-σ -algebra. The operator θ t can form the flow which is given by the Wiener shift:
Definition . Let E be a complete and separable metric space. A random dynamical system (RDS) with space E carried by a metric dynamical system ( , F , P, θ ) is given by the mapping
which is (B(R + ) × F × B(E); B(E))-measurable and possesses the cocycle property:
A is said to absorb B if P-a.s. there exists an absorption time t B (ω) such that, for all t ≥ t B (ω),
The -limit set of a random set K is defined by
Definition . A random attractor for an RDS ϕ is a compact random set A P-a.s. satisfying:
(ii) A attracts all the deterministic bounded sets in E.
The following proposition (cf.
[], Theorem .) yields a sufficient criterion for the existence of a random attractor. http://www.advancesindifferenceequations.com/content/2014/1/207
Theorem . Let ϕ be an RDS and assume that there exists a compact random set K absorbing every deterministic bounded set B ⊂ E. Then the set
is a random attractor for ϕ.
Fractional Brownian motion and its stochastic convolution
In this section, we introduce the definition of the infinite-dimensional fractional Brownian motion only with H ∈ (   , ) and its Wiener-type stochastic integral with respect to infinite-dimensional FBM. Then some conditions which ensure the existence and regularity of the infinite-dimensional stochastic convolution for the corresponding additive linear stochastic equation are presented. Finally, the existence and regularity of the stochastic convolution are obtained under these conditions.
Since the derivative of FBM exists almost nowhere, equation (.) should be understood in the integral form. There are several approaches to define an integral for onedimensional FBM and each has its advantage (cf.
[] for a useful summary). Wiener integrals are introduced since they deal with the simplest case of deterministic integrands by using FBM's Gaussianity in [] . We refer to [] for the general framework of the Wienertype stochastic integral with respect to infinite-dimensional FBM.
As a conclusion, we have the following relationship between the Wiener integral with respect to FBM and the Wiener integral with respect to the Wiener process:
The infinite-dimensional FBM and corresponding stochastic integration are defined now. Let Q be a self-adjoint and positive linear operator on H i . Assume that there exists a sequence of nonnegative numbers { λ i } i∈N such that
The infinite-dimensional FBM on H with covariance operator Q is formally defined by
where {β H i (t)} i∈N is a sequence of real stochastically independent one-dimensional FBM. This process, if convergence, is an H-valued Gaussian process. It starts from , has zero mean and covariance Consider the following stochastic convolution:
Then z  , if it is well defined, is the unique mild solution of the following linear stochastic evolution equation:
Here are three kinds of condition on the stochastic convolution: , respectively. We mention that the Hilbert-Schmidt operators (elements of L  (H  )) is compact. Indeed, the key feature of these conditions is the compactness which guarantees that we can handle the infinite-dimensional problem in a finite-dimensional manner.
Then for the linear stochastic evolution equation (.), let  satisfy the condition of (Hyper-) and we have the following lemma.
, ) and  satisfies the condition of (Hyper-), then there is a version of the stochastic convolution z
Next we consider another stochastic linear differential equation: Noticing that the sample orbit of fractional Brownian motion is not differentiable almost everywhere in the classical sense, we consider the stochastic convolution in the product space H:
Existence and uniqueness of the mild solution
In this section, we will apply the modified Banach fixed point theorem to show the existence and uniqueness of the mild solution for equation
The notion of the mild solution for equation (.) is given as follows. Definition . An H-valued random process (φ(t), t ≥ ) on a fixed probability space ( , F , P) with a given infinite-dimensional fractional Brownian motion is called a mild solution of stochastic equation (.) if (φ(t), t ≥ ) satisfies the following equation:
where the first three terms are operator-valued Bochner integrals, and the last one is the Wiener-type stochastic integral defined by equation (.).
Denote
with the norm
It is easy to verify that E  , E  , and E are Banach spaces. In order to apply the modified Banach fixed point theorem, it is necessary to estimate each term of the integral equation (.) in the space E. For any φ ∈ E, denote
then the operators J  , J  , and J  satisfy the following properties.
Lemma . J  : E → E, and for any φ, ψ ∈ E, it follows that
Proof The proof is the same as Lemma . in [] , and it is omitted here.
Lemma . J  : E → E, and for any φ, ψ ∈ E, it follows that
Proof The proof is the same as Lemma . in [] , and it is omitted here.
Lemma . J  : E → E, and for any φ, ψ ∈ E, it follows that
Proof The proof is the same as Lemma . in [] , and it is omitted here.
Since the process z(t) (t ∈ [, T]) has a V -valued continuous modification, then we can obtain the existence and uniqueness of the mild solution for equation (.).

Theorem . If H ∈ (   , ), (Hyper-) and (Hyper-) hold, then for any initial value φ  ∈ H and T > , equation (.) has a unique mild solution in the space C([, T]; H) ∩ L  (, T; V ).
Proof The proof is the same as Theorem . in [] , and it is omitted here.
Next, we will show the existence of the global mild solution for equation (.). Let φ be the local mild solution of equation (.) on [, T  ], and denote ψ(t) = φ(t) -z(t), then ψ(t) is the mild solution for the following equation:
It is easy to see that ψ(t) is also the weak solution of the following evolution equation with random coefficients:
ψ(t) + Aψ(t) + B(ψ(t) + z(t)) + N(ψ(t) + z(t)) + R(ψ(s) + z(s)) = ,
(.) http://www.advancesindifferenceequations.com/content/2014/1/207
Following the arguments in [], Section ., we can get a upper boundedness for ψ in the space E. 
Lemma . Let ψ be the local solution of the stochastic evolution equation (.) on [, T], then
sup t∈[,T] ψ(t)  ≤ e c  T  |z(s)|   ds |φ  |  + T  e c  T s |z(r)|   dr h  (s) ds, (  .   ) T  ψ(t)  V dt ≤ c  |φ  |  + c  c  sup t∈[,T] ψ(t)  T  z(s)   ds + c  T  h  (s) ds,(.  d|ψ(t)|  dt + ψ(t)  V
= -b ψ(t) + z(t), ψ(t) + z(t), ψ(t) -N ψ(t) + z(t) , ψ(t) -R ψ(t) + z(t) , ψ(t) ≤ b ψ + z(t), z(t), ψ + z(t) -N z(t) , ψ(t) -R z(t) , ψ(t) . (.)
It follows from λ  >  (due to Lemma . in [] ) that
Hence, combining equations (.) and (.), we get
Similarly, direct calculations show that
Then let λ = min{λ  ,λ  } and we can obtain
Combining equations (.), (.), (.), and (.) gives
where C  is a positive constant determined later. Let
Applying the Gronwall lemma leads to
Let c  = C  /C  , then the inequality (.) holds. Remark . In fact, we define a stopping time
Integrating both sides of equation (.) over [, T], we have
Then for some given ω ∈ , ψ(t) is bounded on [t  , T], |ψ(t)| < n for large enough n, and τ n = T, which implies that τ n → T, t ∧ τ n → t as n → ∞ and t ∈ [t  , T]. We replace t in the argument of Lemma . by t ∧ τ n , we can obtain the existence of the global mild solution.
Existence of a random attractor
In this section, we will show the existence of a random attractor for the random dynamical system generalized by equation (.).
To the end, it suffices to prove the absorbing set in the spaceḢ  =Ḣ If we follow the method employed for Lemma . (which is based on the change of variable ψ = φ -z), we end up with the problem of finding a uniform bound for { t t  |z(s)|   ds, t  ∈ R} (cf. equations (.)-(.)). To overcome this difficulty, the fractional Ornstein-Uhlenbeck process is introduced. By the stationary property of the fractional Ornstein-Uhlenbeck process, we can use the Birkhoff-Chintchin ergodic theorem to convert the integration over time variable to the integration over sample space. This yields a uniform bound for those integrals, so that we can deduce a bound in H for |ψ(t)|  .
Then Z is a stationary solution of the following fractional Ornstein-Uhlenbeck equation:
Now the existence of the stationary solution Z(t) (t ∈ R) will be proved. Assume Lemma . and Lemma . hold, it suffices to prove that
Now, let us consider the real-valued continuous function |Z(θ · ω)|   . Notice that ( , F , {θ (t)} t∈R ) is the metric dynamical system and it follows from the Birkhoff-Chintchin ergodic theorem that
Next, we will verify that the random dynamical system can be generated by the mild solution of equation (.).
It follows from Theorem . that, for t  ∈ R, φ(t, ω; t  , φ  ) is the unique mild solution of the equation:
By the change of variable φ(t, ω; t  ) = ψ(t, ω; t  ) + Z(t, ω), it follows that ψ(t, ω; t  , φ  -Z(θ t  ω)) is the solution of the following integral equation:
Thus, ψ is the weak solution of the following differential equation with random coefficients:
Define a continuous map:
Then it can be verified that the measurability of ϕ follows from the continuous dependence of the initial values, and the cocycle property follows from the uniqueness of the solution. Hence, the random dynamical system can be generated by the mild solution ϕ of equation (.). http://www.advancesindifferenceequations.com/content/2014/1/207
Next, we will show the following two important lemmas, which give the existence of the absorbing set in the spaces H and H  , respectively. For simplicity of presentation, we introduce the following condition: 
Proof Firstly, we show that both |φ(t)|  and |ψ(t)|  are bounded in the space H. Similar to the argument in Lemma ., we have
where
let r  be small enough such that the following inequality holds:
By the Gronwall lemma, it follows that, for any t ∈ [-, ] and t  < -,
Applying the ergodic theorem gives
(.) http://www.advancesindifferenceequations.com/content/2014/1/207
Let r  be small enough such that
Then there exists t  (ω) < - such that, for any t  < t  and t ∈ [-, ],
Noticing that the term h  has at most polynomial growth as t  → -∞ for P-a.s. ω ∈ , we derive
Then there exists t  (ω) < t  (ω) < - such that, for any |φ  | ≤ M, t  < t  , and t ∈ [-, ],
Next, we prove that both 
Similarly,
Denote ρ  (ω) = max{C(ω), C(ω)}. Thus, the proof is completed. 
